Abstract. We prove the existence and nontriviality of tertiary exotic characteristic classes extending the results of Peterson and Ravenel for secondary exotic classes.
Introduction
Generalizing the approach of Adams [1] , Maunder [7] defined higher order cohomology operations and Thom's classical construction gives corresponding higher order characteristic classes. The problem is: Are these classes nontrivial? For second-order, i.e. for secondary characteristic classes, Gitler and Stasheff [3] constructed the first nonzero secondary class which turned out to be the first in a series of nontrivial secondary classes constructed by Peterson [8] and Ravenel [11] for any prime p using twisted secondary cohomology operations. Hegenbarth and Heil [4] , [5] , [6] did this by using ordinary secondary cohomology operations (SCO) for p = 2; the author has extended their work for any odd prime [12] .
In this paper we prove the nontriviality of tertiary (third-order) characteristic classes. Additional difficulty arises due to very large indeterminacy. However, we have succeeded in constructing a special fibration and a particular tertiary operation corresponding to which the indeterminacy is zero but the class is not. Our nontrivial class is analogous to Gitler and Stasheff's first secondary exotic class in the sense that it is of the lowest dimension.
We first prove the existence and nontriviality of the tertiary class defined for a special spherical fibration, special in the sense that its primary and secondary characteristic classes vanish. The classifying space for such fibrations is denoted by BSG which is obtained from BSG, the stable classifying space for oriented spherical fibrations, by killing all primary and secondary characteristic classes. Our nontrivial tertiary class corresponds to a nontrivial universal tertiary class in H * ( BSG). Finally, we show that this class lifts to H * (BSG), showing thereby the nontriviality of a tertiary exotic class for a general spherical fibration.
The paper is organised as follows. In §2, special spherical fibrations are defined and a particular example of such a fibration is constructed. Corresponding to an allowable relation and a tertiary cohomology operation (TCO) with zero indeterminacy, a tertiary characteristic class is constructed and proved to be nonzero in §3.
In §4, a particular TCO is taken to construct the lowest dimensional nonzero exotic class. Lastly in §5, the nonzero tertiary exotic class defined for special spherical fibration is lifted to general spherical fibration.
All spherical fibrations are oriented. Homology and cohomology are always with coefficients in Z/p, p an odd prime.
Special spherical fibrations
Let η be an oriented (n − 1)-spherical fibration over the base space X. Let T η denote its Thom space and U η ∈ H n (T η) be its Thom class. 
Here x n ∈ H n (S n , Z) and ι n ∈ H n (K(Z, n), Z) are the generators for n sufficiently large. P i are the Steenrod powers and ϕ j , j > 0, represent all the SCO which define secondary exotic classes. p 1 , p 2 , p 3 are principal fibrations induced by P i , ϕ j , Φ(R) from the path space fibrations over K 0 , K 1 , K 2 respectively. x n , x n , x n are liftings of x n and r = 2(p − 1).
Let M be the fibre product of x n and j 3 . Since M is n-connected, we have the composite map 
where α is the adjoint of the identity on Ω n M , α is the map induced by α on the mapping cones. Since M can also be considered as the pull back space (see [11, §4.2, a])
We then obtain an extension α :
We have a similar argument to prove the vanishing of secondary classes. As observed above, x n • t * , hence there is an extension α of x n . Then α • α lifts
Tertiary exotic characteristic classes for special spherical fibrations
Let ξ be the special spherical fibration over the base ΣΩ n M constructed in §2. Let Φ(R) be a TCO based on the relation R :
Since primary and secondary classes of ξ are zero, Φ(R) is defined on the Thom class U ξ . The tertiary exotic class e ξ (R) is defined by
We will assume in this section that ϕ j and Φ(R) have zero indeterminacies. Let Q i and β denote the Dyer-Lashof homology operations and homology Bockstein. 
Letι be the fundamental homology class of the factor
We have the following properties:
The proof for this is similar to the proof of Proposition 3.2 in [4] with prime 2 replaced by an odd prime p.
This can be proved as follows: Consider the map K(Z, n) 
Let us refer to diagram (3.2). Properties I and II imply that (Ω n h) * y = 0. Hence, (Ω n h) * ι = 0 where ι is the fundamental cohomology class of H * (Ω n+1 K 2 ). Consider the following homotopy commutative diagrams where q = degree of Φ(R):
where ( Ω n h) denotes the adjoint of Ω n h, T is the Thom isomorphism, Σ * is the suspension isomorphism and σ * is the cohomology suspension. From the first diagram we have e ξ (R)
. It therefore follows from the second diagram that
Since δ * is an isomorphism, this implies that e ξ (R) = 0. We have thus proved
Theorem 3.3. e ξ (R) is nonzero provided R is allowable and Φ(R) has zero indeterminacy.

Example: The first tertiary exotic class
In this section we illustrate 
] is a nontrivial element in H * (SG), by Definition 3.1, P p 2 ϕ = 0 is an allowable relation. Let ξ be the special spherical fibration constructed in §2. We must show that Φ is defined on U ξ ∈ H n (T ξ) with zero indeterminacy. Since ξ is special, all primary and secondary classes vanish, i.e. P i (U ξ ) = 0 and ϕ(U ξ ) = 0. Hence Φ is defined on U ξ . The indeterminacy of Φ by [7 
Now, any x ∈ H n+r (T ξ) will be of the form x = y ∪ U ξ for some y ∈ H r (ΣΩ n M ). Our aim is to show that Φ 3,1 (y ∪ U ξ ) = 0 with zero indeterminacy. The Cartan formula for SCO [15, Cor. 6.6] gives
where a i , a j , b k , b k are elements of A, the mod p Steenrod algebra. We notice that since ξ is special, the only terms that may be nonvanishing on the right-hand side are Φ 3,1 (y) (when a j = 1) and A p 2 r+pr where A k ⊂ A is the vector subspace of homogeneous elements of A of degree k. Hence it suffices to prove that Φ 3,1 (y) = 0 and A p 2 r+pr (y) = 0 which is done in the following. 
where I is the indeterminacy of ϕ. In our case f : 
Since f * (ι) = y, we have to show that A p 2 r+pr (y) = 0. Now, any admissible monomial of degree p 2 r + pr cannot be of length > 2. If we consider all admissible monomials of length 1 and 2 of excess < r and degree p 2 r + pr we see that when evaluated on y they give zero for dimensional reasons. f
will also contain A j (y) ∪ A k (y). Since the total degree is p 2 r + pr + r and A j , A k are both admissible of excess < r, it is clear that A j and A k are of length 1 only or A j is of length 2 and A k = 1. In both cases, the monomials kill y for dimensional reasons. For example consider P p−1 (y) ∪ P p 2 (y). Here P p−1 (y) is not necessarily zero but P p 2 (y) = 0. Hence the result.
Lifting of tertiary exotic classes
In §3 we constructed a special spherical fibration ξ over ΣΩ n M and by Theorem 3.3, the tertiary exotic class e ξ (R) ∈ H * (ΣΩ n M ) is nonzero. It comes from a nonzero class e(R) in H * ( BSG). In this section we prove that e(R) lifts to H * (BSG) i.e. there is a class ε(R) ∈ H * (BSG) such that p * (ε(R)) = e(R). In other words, we show that there is a nonzero tertiary class for general spherical fibrations. The projection p : BSG → BSG is induced from the path space fibration via the map q × s where q and s represent the total Wu class and the total secondary class respectively.
We need the action of Steenrod powers on secondary exotic classes which is given by the following propositions. 
where runs over all λ such that
where σ * : H * (SG) → H * (BSG) is the homology suspension and P k * denotes the dual of P k . Now, by the Nishida relations (see [2, p. 6] )
Similarly, if we consider the relation with leading term P a P b , we get
Proposition 5.3. e(R) is a primitive element in H * ( BSG).
Proof. We consider the special fibrationγ = p * (γ) over BSG where γ is the universal spherical fibration over BSG. Sinceγ is special, the action of primary and secondary cohomology operations on the Thom class U ofγ is zero. Here we use the Cartan formula for TCO [15, Cor. 6.6] . If m * is comultiplication induced by the H-space multiplication m : BSG × BSG → BSG, we get:
[other terms vanish sinceγ is special]
Thus, e(R)(γ ×γ) = e(R)(γ) × 1 + 1 × e(R)(γ). 
where q i are Wu classes and H * (BSG) = P(g i ) ⊗ C * where g i are generators in degree 2i(p − 1), i ≥ 1. C * = n≥2 F B n X where B n X consists of admissible monomials of length n and F is a free commutative algebra. Each F B n X is a sub-A-Hopf algebra of H * (BSG). We write (C 1 ) * = F B 2 X and (C 2 ) * = n≥3 F B n X. Let C 1 and C 2 denote the vector space duals of (C 1 ) * and (C 2 ) * respectively. Hence C, which is the vector space dual of C * , equals C 1 ⊗ C 2 . where P denotes the submodule of primitive elements. By [13, Prop. 5.5], Kerj * = (C 2 ), hence e(R) ∈ Kerj * . This implies that e(R) ∈ P C 2 . Since C 2 is a sub-Hopf algebra of C, by Theorem 4.10 of [9] we have an exact sequence 0 → P C 2 → P C → P C 1 with exact rows. Since e(R) ∈ P C 2 , there exists ε(R) ∈ P H * (BSG) such that p * (ε(R)) = e(R).
